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We propose a new mechanism for topological superconductivity based on an antiferromagneti-
cally ordered chain of magnetic atoms on the surface of a conventional superconductor. In a weak
Zeeman field, a supercurrent in the substrate generates a staggered spin-current, which converts the
preexisting topologically-unprotected Shiba states into Majorana fermions (MFs). The two experi-
mental knobs can be finely tuned providing a platform with enhanced functionality for applications.
Remarkably, the electronic spin-polarization of the arising edge MF wavefunctions depends solely
on the parity of the number of magnetic moments, which can serve as a distinctive signature of the
MFs. We introduce the basic concepts within a minimal model and make contact with experiments
by a microscopic analysis based on the Shiba states.
PACS numbers: 74.78.-w, 74.45.+c, 75.75.-c, 75.25.-j, 03.67.Lx
The proposals for engineering Majorana fermions
(MFs) in hybrid systems can be practically divided into
two main categories. On one hand, we find implementa-
tions relying on helical electronic states arising from spin-
momentum locking, as for instance in: hybrid systems of
topological insulators and conventional superconductors
(SCs) [1], superfluids [2], non-centrosymmetric SCs [3],
and heterostructures of conventional SCs and Rashba
spin-orbit coupled semiconductors [4–7]. The latter pro-
posals stimulated experiments with encouraging, though
not yet fully conclusive signatures [8, 9]. Other proposals
[5, 10–18, 20, 21] consider a conventional SC under the in-
fluence of a helical magnetic order [22], which effectively
generates spin-momentum locking that can be stronger
than the intrinsic one of semiconducting nanowires. The
required inhomogeneous magnetic order can be realized
by placing nano-magnets [11] or magnetic atoms on top
of a SC [5, 12, 14–18, 20, 21]. In fact, ongoing experi-
ments involving magnetic chains have provided the first
promising MF fingerprints [23, 24]. However, it has been
shown that the presence of helicity is not indinspensable
for obtaining MFs [1], opening perspectives for new plat-
forms.
In this article we propose a new route towards MFs
without involving helical states or helical magnetic fields.
Specifically, we consider an antiferromagnetically (AFM)
ordered chain of classical spins on the surface of a con-
ventional superconductor. The low-energy sector of this
hybrid system is dominated by topologically-unprotected
Shiba states [26], i.e. electronic states that are localized
at the magnetic atoms’ sites with energies lying inside
the superconducting gap. We demonstrate that one can
convert the Shiba states into MFs by imposing a super-
current flow J in the superconductor and applying a weak
in-plane Zeeman field B (Fig. 1). The two control fields
cooperate with the AFM order to generate a staggered
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Figure 1: Antiferromagnetic chain on top of a superconductor.
The simultaneous presence of a weak in-plane Zeeman-field
B (yz-plane) and a supercurrent flow J (z-direction), convert
the Shiba states into a single spin-filtered MF per edge. Inset:
Mapping to Kitaev’s model with unpaired MFs γnA,B .
spin-current, which can be viewed as an engineered time-
reversal symmetry breaking spin-momentum locking.
The functional device that we propose, offers the possi-
bility of manipulating the topological phase diagram via
the two easily controllable fields, a feature that can fa-
cilitate the detection and braiding of MFs. Furthermore,
the AFM ordering of the magnetic atoms sets stringent
constraints on the spin-texture [27] of the MF wavefunc-
tions, resulting in an electronic polarization of the edge
states that depends on the number-parity of the magnetic
moments (Fig. 1). The resulting even-odd effect should
be experimentally detectable by spin-polarized scanning
tunneling microscope (STM) techiques and could help
identifying the emergence of MFs.
It is encouraging to note that recent STM experiments
[28–30] demonstrated the existence of AFM chains on top
of metallic substrates. The AFM order is stabilized by
RKKY and the Ising nature of the magnetic moments.
The latter arise when the crystal field of the substrate
breaks spin-rotational symmetry and selects an easy spin-
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2axis. In the case of superconducting substrates, the pres-
ence of Shiba states further stabilize the AFM order [4].
We proceed with first examining a minimal model,
which describes the arising Shiba states in the SC sub-
strate, located at the N lattice sites of the AFM chain.
The chain extends along the z-axis, as shown in Fig. 1.
The Shiba electrons feel: i. an on-site superconducting
gap ∆n and ii. the magnetic exchange energy scale M ,
due to the coupling to the AFM chain, which has classi-
cal magnetic moments ordered along the x-axis. We also
consider nearest-neighbor hopping with strength t. The
Hamiltonian reads
H0 = −1
2
N∑
n=1
[
(−1)nMΨ†nτzσxΨn + 2tΨ†nτzΨn+1
+ Ψ†n
(
∆<n τyσy + ∆
=
n τxσy
)
Ψn
]
. (1)
Here σ and τ are Pauli matrices in spin and particle-hole
spaces, respectively, and Ψ†n = (ψ
†
n↑, ψ
†
n↓, ψn↑, ψn↓) is
the spin-dependent Gor’kov-Nambu spinor. As we show
later, the particular phenomenological model can be ob-
tained in the limit of short superconducting coherence
length, from a microscopic model properly accounting
for the Shiba states (see [32]).
In contrast to a spiral magnetic order [5, 11, 12, 14–
18, 20, 21], the AFM order alone is not sufficient to gene-
rate a transition to a topological superconductor (TSC).
However, this can be achieved by imposing a super-
current flow parallel to the chain and applying a per-
pendicular Zeeman-field in the yz-plane. The supercur-
rent introduces a phase gradient in the superconducting
order-parameter, ∆n = ∆ exp(−iJan), which can be ab-
sorbed by a gauge transformation in the fermion fields,
Ψn → exp(−iJanτz/2)Ψn. The effect of a supercurrent
has been considered previously either as a necessary in-
gredient for implementing a TSC [1] or as an additional
parameter for tuning the TSC phase diagram [33]. In
the present case, it’s role is crucial, since it modifies the
hopping term in Eq. (1), t → t cos(Ja/2), and more im-
portantly it adds a time-reversal symmetry (T ) breaking
hopping term 2it sin(Ja/2)Ψ†nΨn+1. Together with the
Zeeman term, the perturbations can be written as
V = 1
2
∑
n
[
Ψ†n µBBτzσzΨn + 2it sin(Ja/2)Ψ
†
nΨn+1
]
.(2)
To proceed we first discuss the Hamiltonian H =
H0 + V in the limit of an infinite chain with discrete
translational invariance. In order to account for the
AFM order with wave-vector Q = pi/a and lattice con-
stant a we extend the spinor in momentum space to
Ψ†k = (ψ
†
k+Q/2,↑, ψ
†
k+Q/2↓, ψ
†
k−Q/2↑, ψ
†
k−Q/2↓, ψ−k−Q/2,↑,
ψ−k−Q/2↓, ψ−k+Q/2↑, ψ−k+Q/2↓) and introduce Pauli ma-
trices ρ operating in the additional AFM subspace. We
obtain H = 12
∑
k Ψ
†
k
[H0(k) + V(k)]Ψk with
H0(k) = 2t cos(Ja/2) sin(ka)τzρz −Mτzρxσx −∆τyσy ,
V(k) = µBBτzσz − 2t sin(Ja/2) cos(ka)ρz . (3)
As a first step we consider B = J = 0. After perfor-
ming the unitary transformation Ψk = UΨk′ with
U = exp
(
i
pi
4
τzσz
)
exp
(
i
pi
4
τyρy
)
exp
(
i
pi
4
σx(1 + τz)
)
,(4)
the Hamiltonian becomes diagonal in the ρ and σ
spaces, yielding the BDI-symmetry-class block Hamilto-
nian H0ρ,σ(k) = g0ρσ(k) · τ [1, 34] (see also [32]), where
g0ρ,σ(k) = (0, (ρM −∆)σ, 2t ρ sin(ka)) . (5)
The eigenvalues of this Hamiltonian are degenerate in
spin space. They are given by
E0ρ,σ(k) = ±
√
(ρM −∆)2 + 4t2 sin2(ka) , (6)
showing a gap-closing at ∆ = M for ρ = 1. In order to
discern whether this gap closing leads to a MF zero-mode,
which would imply a transition to a TSC, we make use of
the specific form of Eq. (5) and introduce the relevant Z
topological invariant [35] defined by the winding number
N˜0ρ,σ =
1
2pi
∫
BZ
dk
(
gˆ0ρ,σ(k)×
∂gˆ0ρ,σ(k)
∂k
)
x
, (7)
with gˆ0ρ,σ(k) = g
0
ρσ(k)/|g0ρ,σ(k)|. It is straightforward
to show that the latter is zero, and consequently at this
stage, with only AFM order present, there is no transition
to a topologically non-trivial SC phase.
Next we switch on the control fields J and B. For
illustration, and without loss of generality, we choose
t and B to be small, t, µBB  ∆,M and perform a
second order expansion based on a canonical transfor-
mation H˜ = H0 + i/2 [S,V] with [S,H0] = iV (see
[32]). The perturbation modifies the energy-spectrum,
but only changes in the vicinity of k = 0 modify the
topological properties. Based on this argument, we retain
only the most relevant term for small k, characterized by
the coefficient Λ = 2µBBt sin(Ja/2)/M , and neglect all
other second order terms in the expansion parameters
ka, Jat/M and µBB/M . The expansion yields the mo-
dified vectors
gρ,σ(k) =
(
0, (ρM˜ −∆)σ + Λ cos(ka), 2t˜ ρ sin(ka)
)
. (8)
The term proportional to Λ lifts the spin-degeneracy in
the spectrum, and we obtain
Eρ,σ(k) = ±
√
[(ρM˜ −∆)σ + Λ cos(ka)]2 + 4t˜ 2 sin2(ka) .
Above we introduced the renormalized values M˜ = M +(
µ2BB
2 + 4t2 sin2 (Ja/2)
)
/2M and t˜ = t cos (Ja/2). The
topological invariant is now given by
N˜ρ,σ =
sgn
(
ρM˜ −∆ + σΛ
)
− sgn
(
ρM˜ −∆− σΛ
)
2ρσ
. (9)
3Figure 2: Results based on the lattice version of the mini-
mal model, Eq. (3): (a) Ground-state (g) and first-excited-
state (e) energies, as a function of J for µBB/∆ = 0.08,
M/∆ = 0.99 and t/∆ = 0.1. (b) Ground-state energy in color
scale depending on J and B. The red line, M˜ + |Λ| = ∆, cor-
responds to the analytically derived critical value for entering
the TSC phase. The value µBB/∆ = 0.08 used in panel (a)
is indicated by the black dashed line. (N = 160 lattice sites)
We infer that the transition to the topological non-trivial
region occurs for M˜ + |Λ| > ∆. We observe that due to
the intrinsic magnetic order there is no requirement for a
large external field. In fact, the magnetic field is primar-
ily required for lifting the spin-degeneracy. We also note
that the combination of Zeeman field and supercurrent
flow gives rise to an effective staggered spin-current term
(Eq. (10)), which is a time-reversal violating analog of
the Rashba spin-orbit coupling in TSC nanowires [6, 7].
Based on the bulk-boundary correspondence, we ex-
pect that the non-zero topological invariant obtained for
suitable values of J and B, will become manifest in the
finite-size properties of the system. To demonstrate this
correspondence we show now that for the g vectors de-
rived above, our model harbors unpaired MFs similarly
to the situation known from Kitaev’s model [36]. To
do so we first transfer to the Majorana basis Ψ†k →
ΓTn = (γn↑, γn↓, γ¯n↑, γ¯n↓), where the superscript T de-
notes transposition, and we introduced the MF operators
γnσ ≡ (ψnσ + ψ†nσ)/
√
2 and γ¯nσ ≡ (ψnσ − ψ†nσ)/(
√
2i).
In this basis the Hamiltonian reads
H˜ = 1
2
N∑
n=1
ΓTn
[
∆τxσy + (−1)nM˜τyσx
]
Γn
+
1
2
N−1∑
n=1
ΓTn
[
2t˜ τy − (−1)nΛσy
]
Γn+1 . (10)
The first line describes the on-site coupling of MFs. With
the objective of unpairing them at each lattice site, we
choose ∆ = M˜ , so that the operators γn↑ and γ¯n↓ for odd
n and γn↓ and γ¯n↑ for even n become unpaired. Within
this subspace, we choose 2t˜ = Λ, and the second line
Figure 3: Results based on the lattice version of the minimal
model, Eq. (3): (a) Majorana wavefunctions for an odd (N =
60) or even (N = 61) number of sites. Parameters are the
same as in Fig. 2(a) with Ja/pi = 0.4. Depending on the
parity of N the right-edge Majorana wavefunction is γeven,B
(N = 60) or γodd,B (N = 61). (b) Corresponding electronic
spin-texture.
becomes
H˜sub = −iΛ
N−1∑
n=1
γn,Bγn+1,A . (11)
In the last step we introduced the new MF operators:
γ2m−1,A =
(
γ2m−1,↑ + γ¯2m−1,↓
)
/
√
2 and γ2m−1,B =(
γ2m−1,↑ − γ¯2m−1,↓
)
/
√
2 as well as γ2m,A =
(
γ2m,↓ +
γ¯2m,↑
)
/
√
2 and γ2m,B =
(
γ2m,↓ − γ¯2m,↑
)
/
√
2. The trans-
parent form of the Hamiltonian of Eq. (11) displays di-
rectly the unpaired MFs γ1,A and γN,B at the two ends
of the chain, as also illustrated in Fig. 1.
The qualitative analysis based on the minimal model
Hamiltonian of Eq. (3) can be confirmed by direct nu-
merical diagonalization. In Fig. 2 we show the low-
est positive energies, i.e. the ground state (g) and
the first excited state (e). With increasing supercur-
rent J the system undergoes a transition to a gapped
phase accompanied by a single zero-energy MF solu-
tion per edge. This transition occurs close to the pre-
viously extracted condition M˜ + |Λ| = ∆ or equivalently
µBB = |
√
2M |∆−M | − 2t sin(Ja/2)| (see red line in
Fig. 2(b)). One observes that the Majorana wavefunc-
tions are exponentially suppressed within the bulk (see
Fig. 3(a)). In addition, due to chiral symmetry they are
constrained to be zero at every second site (see [32]).
Depending on the parity of N , the right-edge Majorana
wavefunction is either γeven,B or γodd,B , i.e. it is confined
to either even or odd sites. In addition, since the elec-
tronic components of the MF wavefunctions constitute
eigenstates of σy, the MF states have opposite electronic
spin-polarization at the edges, as plotted in Fig. 3(b).
The limit of short coherence length allowed us to trans-
parently expose the underlying TSC mechanism and the
related qualitative characteristics of the MFs. However,
usually the SC coherence length is rather long, e.g. for
Pb it is ξ0 ∼ 80 nm, to be compared to the typical spacing
of the atoms a ∼ 1 nm [29, 30]. Below we investigate the
4Figure 4: Results based on the lattice version of the micro-
scopic model, Eq. (15): (a) Energies of the ground-state (g-
red) and excited-state (e-black). The corresponding topo-
logical invariant M is shown by the blue line (b) Majorana
wavefunctions in the topologically non-trivial regime.
general case by analyzing the fully microscopic model.
The Hamiltonian of the substrate SC, with energy gap
∆, is given by HS =
∑
k C†k (ξkτz −∆τyσy) Ck, where
C†k = (c†k↑, c†k↓, c−k↑, c−k↓) and c†kσ creates an electron
with momentum k and spin σ, while ξk denotes the
electronic dispersion, leading to the quasiparticle exci-
tation spectrum Ek =
√
ξ2k + ∆
2. Again we treat the
atoms classically. They yield the magnetic (M) and
non-magnetic (U) exchange energies with the conduc-
tion electrons, V (r) =
∑N
n=1 δ(z − na)δ(x)δ(y)Vn withVn = Uτz − (−1)nMτzσx. The total Hamiltonian reads
H = HS +
∑
k,k′
∑
n
e−i(kz−k
′
z)naC†k′VnCk . (12)
We solve this problem (see [32]) in terms of the Bogoliu-
bov - de Gennes (BdG) equation [2–5],∑
k′
[
δk,k′ −Gk(ε)
∑
n
e−i(kz−k
′
z)naVn
]
φk′ = 0, (13)
where Gk(ε) = (ε + ∆τyσy − ξkτz)−1 is the Green’s
function of the bulk superconductor, and the spinor
φk = (uk,↑, uk,↓, vk,↑, vk,↓)T contains the spin-dependent
particle and hole amplitudes u and v. In the presence of
a weak in-plane magnetic field and a small supercurrent
J  kF we have to substitute ξk → ξk−Jzˆτz/2 + µBBσz,
and the linearized Green’s function Gk reads
Gk(ε) ≈
ε−∆τyσy + ξkτz − µBBτzσz + ~2J2m kFz
−E2k
. (14)
As we are mainly interested in the contribution of the
Shiba states, which lie energetically within the energy
gap, we again perform a linear expansion in ε/∆. In
order to further simplify the solution of Eq. (13) we
trace out the continuum states, i.e. φn =
∑
k e
ikznaφk
and Gn(ε) =
∑
k e
ikznaGk(ε), such that Eq. (13) re-
duces to
∑N
s=1[δns − Gn−s(ε)Vs]φs = 0. This equa-
tion can be written in the form of a generalized eigen-
value problem
∑N
s=1Ansφs =
ε
∆
∑N
s=1Bnsφs which can
be readily solved numerically. In momentum space it
converts into the form of a usual Schro¨dinger-equation
H˜(k)ψk = ε(k)ψk with spinors ψk related to the origi-
nal ones by a transformation ψk = Lkφk and effective
Hamiltonian (see [32])
H˜(k) = −∆τyσy + µBBτzσz +
∑
l
µl cos(2lka)τz
+
∑
l
Ml cos(2lka)τzρxσx +
∑
l
tl sin [(2l + 1)ka] τzρz
+
∑
l
plsin(2lka) +
∑
l
jl cos [(2l + 1)ka] ρz . (15)
A comparison with Eq. (3) allows us to identify the terms
Ml, tl and jl with the magnetic exchange, kinetic en-
ergy and the supercurrent, respectively. The additional
terms, µl and pl, correspond to even-order-neighbor ki-
netic energy and supercurrent contributions, respectively.
These parameters depend crucially on the relation be-
tween the spacing of the atoms, a, and the coherence
length of the superconductor ξ0 ∼ ~vF /∆ (see [32]). In
the limit a ξ0 the microscopically derived Hamiltonian
of Eq. (15) can be expanded in orders of exp(−a/ξ0) lea-
ding to Eq. (3) with t ∼ exp(−a/ξ0).
The microscopic Hamiltonian belongs to symmetry
class D and its topological properties can be investigated
using the Z2 topological invariant M [36], defined as
M≡ sgn {Pf[k = 0]Pf[k = pi/2a]}. Note that the second
Pfaffian is evaluated at k = pi/2a, since due to the AFM
order we have to consider the folded Brillouin zone. In
the parameter-space considered, only the k = 0 compo-
nent changes sign and we obtain
M = sgn [(µBB)4 − 2(µBB)2(A2 + h25) + (A2 − h25)2] .(16)
Here we used the short-hand notation A2 = ∆2 +h21−h22
and h5 =
∑
l jl with h1 =
∑
l µl and h2 =
∑
lMl. The
system turns topologically non-trivial when M changes
sign, which occurs when µBB = |A−h5|. This condition
is equivalent to the one we found for the minimal model.
For the numerical analysis we choose ξ0/a = 20pi, a
supercurrent J such that ~2JkF/2m∆ = 0.5 and a mag-
netic field µBB/∆ = 0.05. The applied field is of the
order B ∼ 1T, i.e. much smaller than the critical in-
plane magnetic field for Pb ∼ 10T [39]. As far as the
supercurrent is concerned, it corresponds to J ∼ 0.10 Jc
for Pb and J ∼ 0.03 Jc for Nb, where Jc ' 1/ξ0 denotes
the respective critical current. As shown in Fig. 4(a),M
changes sign as a function of the atomic spacing, a, in
5a window where the system exhibits a gap between zero
energy state and first excited state. This window can be
further broadened by increasing the Zeeman field or the
supercurrent flowing through the substrate. In addition,
for this region the ground state wavefunctions, presented
in Fig. 4(b), feature the same characteristics previously
obtained within our minimal model.
In conclusion, we proposed a new mechanism for reali-
zing a topological superconductor which neither involves
helical states nor helical magnetic fields. Instead, the
hybrid system that we suggest is based on an array of
antiferromagnetically ordered magnetic atoms deposited
on the surface of a conventional superconductor, where
edge Majorana fermions controllably arise from Shiba
states. Such atomic AFM chains on metallic substrates
have already been fabricated and manipulated. Further-
more, STM techniques can be used for performing spin-
polarized zero-bias anomaly spectroscopy which can re-
solve the electronic spin texture of the Majorana wave-
functions. In fact, the edge spin-polarization can be re-
versed by changing the length of the chain by a single
atom. The latter property is robust and can herald the
emergence of MFs. Furthermore, our device can be finely
controlled by the combination of supercurrents and weak
magnetic fields, offering a rich test ground for experi-
ments. The enhanced functionality can make the setup
also attractive for applications of Majorana fermions for
quantum information processing. Finally, our proposal
can be extended to a setup where the AFM order is es-
tablished by nano-magnets [11] or to materials which al-
ready exhibit a microscopic coexistence of superconduc-
tivity and intrinsic antiferromagnetism such as Fe-[40] or
Ce-[41] based superconductors.
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6Supplementary: Majorana fermions from Shiba states in an antiferromagnetic chain on top of a
superconductor
A. Schrieffer - Wolff transformation
We perform a perturbative expansion of the Hamiltonian H = H0 +V of Eq. (4), where H0 = 12
∑
k Γ
T
−kH0kΓk and V =
1
2
∑
k Γ
T
−kVkΓk with H0k = ∆τxσy+Mτyρxσx−2t cos(Ja/2) sin(ka)τyρz and Vk = −µBBτyσz−2t sin(Ja/2) cos(ka)ρz.
To obtain the above expressions, we first introduced γkσ = (ψkσ + ψ
†
−kσ)/
√
2 and γ¯kσ = (ψkσ − ψ†−kσ)/(
√
2i) and
then the Majorana-spinors ΓTk = (γk↑, γk↓, γ¯k↑, γ¯k↓). Following Schrieffer and Wolff we are interested in a unitary
transformation U = eiS with S = S† so that the linear order in V is eliminated in H˜ = UHU†. The expansion can be
expressed as follows H˜ = H+ i[S,H]− 12 [S, [S,H]] + · · · . The operator S is chosen such that [S,H0] = iV so that up
to second order in V the Hamiltonian reads H˜ = H0 + i[S,V]/2. Further parametrizing S by S = 12
∑
k Γ
T
−kSkΓk we
find that
Sk = t sin(Ja/2) cos(ka)
M
τyρyσx − t
2 sin(Ja) sin(2ka)
2M∆
τxρxσz +
µBB
2M
ρxσy − µBBt cos(Ja/2) sin(ka)
M∆
τzρy (17)
and with this that the transformed Hamiltonian is given by
H˜k = ∆τxσy +
(
M +
[µBB]
2 + 4t2 sin2(Ja/2) cos2(ka)
2M
)
τyρxσx − 2t cos(Ja/2) sin(ka)τyρz (18)
−µBBt
2 sin(Ja) sin(2ka)
∆M
τzρx − 2µBBt sin(Ja/2) cos(ka)
M
ρyσy
+
t cos(Ja/2) sin(ka)
{
(µBB)
2 + [2t sin(Ja/2) cos(ka)]2
}
∆M
τxρyσz . (19)
The topological properties of the system are determined by changes at the points k = 0, pi/(2a). Neglecting all terms
which are linear in k close to these points and at least second order in the expansion parameters t, µBB M,∆ we
obtain the effective low energy Hamiltonian
H˜k ≈ ∆τxσy +
(
M +
[µBB]
2 + 4t2 sin2(Ja/2) cos2(ka)
2M
)
τyρxσx
− 2t cos(Ja/2) sin(ka)τyρz − 2µBBt sin(Ja/2) cos(ka)
M
ρyσy, (20)
which converts to Eq. (11) by transferring to the lattice representation. After suitably rewriting the above Hamiltonian
in the original spinor Ψk space, we observe that it assumes a generalized time-reversal symmetry Θ = iρyσyK′, i.e.
[Θ, H˜k] = 0, together with a charge-conjugation symmetry Ξ = τxρxK′, i.e. {Ξ, H˜k} = 0. Here K′ defines complex
conjugation, where the prime indicates that it does not act on Q. With this, also the chiral operator Π = ΘΞ = τxρzσy
anticommutes with the Hamiltonian, i.e. {Π, H˜k} = 0. Evenmore, there exist two unitary symmetries [τyρy, H˜k] =
[τzρzσx, H˜k] = 0, yielding the additional time-reversal, charge conjugation and chiral symmetries [τyρyΘ, H˜k] =
[τzρzσxΘ, H˜k] = 0, {τyρyΞ, H˜k} = {τzρzσxΞ, H˜k} = 0 and {τyρyΠ, H˜k} = {τzρzσxΠ, H˜k} = 0, respectively. Since
Θ2 = Ξ2 = Π2 = 1 the Hamiltonian belongs to the symmetry class ⊕4n=1BDI [1].
B. Kitaev Chain
In this section we discuss the mapping to the Kitaev chain starting with the Hamiltonian in Eq. (11),
H˜ = − i
2
N∑
n=1
γn↑γn↓γ¯n↑
γ¯n↓

T

0 0 0 ∆ + (−1)nM˜
0 0 −∆ + (−1)nM˜ 0
0 ∆− (−1)nM˜ 0 0
−∆− (−1)nM˜ 0 0 0

γn↑γn↓γ¯n↑
γ¯n↓

+
i
2
N−1∑
n=1
γn↑γn↓γ¯n↑
γ¯n↓

T 
0 (−1)nΛ −2t˜ 0
−(−1)nΛ 0 0 −2t˜
2t˜ 0 0 (−1)nΛ
0 2t˜ −(−1)nΛ 0

γn+1↑γn+1↓γ¯n+1↑
γ¯n+1↓
 . (21)
7Choosing ∆ = M˜ we find that ∆ + (−1)nM˜ = 0 for odd n and ∆− (−1)nM˜ = 0 for even n, meaning that the on-site
coupling, for instance between γn↑ and γ¯n↓, is cancelled at odd sites n. The same is true for γn↓ and γ¯n↑ at even
sites n. Because of that the nearest-neighbor-coupling in the second line of Eq. (21) can be fully expressed within the
subspace {γodd,↑, γ¯odd,↓, γeven,↓, γ¯even,↑}, i.e.
H˜sub = i
2
∑
m
(
γ2m−1↑
γ¯2m−1↓
)T (−Λ −2t˜
2t˜ Λ
)(
γ2m↓
γ¯2m↑
)
+
i
2
∑
m
(
γ2m↓
γ¯2m↑
)T (−Λ −2t˜
2t˜ Λ
)(
γ2m+1↑
γ¯2m+1↓
)
. (22)
Especially for Λ = 2t˜ one finds that
H˜sub = i
2
Λ
∑
m
(
γ2m−1↑
γ¯2m−1↓
)T (−1 −1
1 1
)(
γ2m↓
γ¯2m↑
)
+
i
2
Λ
∑
m
(
γ2m↓
γ¯2m↑
)T (−1 −1
1 1
)(
γ2m+1↑
γ¯2m+1↓
)
(23)
= −iΛ
∑
m
(
γ2m−1↑ − γ¯2m−1↓√
2
γ2m↓ + γ¯2m↑√
2
+
γ2m↓ − γ¯2m↑√
2
γ2m+1↑ + γ¯2m+1↓√
2
)
= −iΛ
N−1∑
n=1
γn,Bγn+1,A (24)
Like in the main text we have introduced the new Majorana-operators γ2m−1,A =
(
γ2m−1,↑+ γ¯2m−1,↓
)
/
√
2, γ2m−1,B =(
γ2m−1,↑ − γ¯2m−1,↓
)
/
√
2, γ2m,A =
(
γ2m,↓ + γ¯2m,↑
)
/
√
2 and γ2m,B =
(
γ2m,↓ − γ¯2m,↑
)
/
√
2. It turns out that the
electronic part
∣∣γn,A/B〉el of the latter Majorana wavefunctions are eigenstates of the spin-operator sy = ~σy/2. We
can see this by going back to the representation in terms of the original fermion operators – for instance γodd,A =
(ψodd,↑− iψodd,↓)+(ψ†odd,↑+ iψ†odd,↓) = ψodd,→+ψ†odd,→. With the new fermion operators ψodd, = ψodd,↑↓− iψodd,↓↑
and |γA〉el ≡ ψ†|0〉 being an eigenket of sy = ~σy/2 with eigenvalue ±~/2. With this we find that
el〈γn,A|sy|γn,A〉el = −(−1)n ~
2
and el〈γn,B|sy|γn,B〉el = (−1)n ~
2
. (25)
According to the symmetry analysis in Sup. A the Majorana wavefunctions constitute eigen-vectors of the chiral
symmetry operators ΠM = τzρzσy = iτzσytpi/Q, Π′M = τyρxσy and Π
′′
M = τxσz (expressed now in the MF basis). Here
tpi/Qψn = ψn+1 is the translation operator which in momentum space – up to a phase – corresponds to tpi/Q = −iρz.
The eigenstates of tpi/Q have the property tpi/Qψn = ψn+1 = λψn. At the same time t2pi/Q = t
2
pi/Q commutes with the
Hamiltonian such that t2pi/Qψn = ψn+2 = λ
2ψn and therefore λ = ±1. This means that eigenfunctions ψ(±)n of tpi/Q
are either constant or alternating at each lattice site, i.e. ψ
(+)
n = 1 or ψ
(−)
n = (−1)n. Accordingly, the ρx operator has
eigen-functions ψn = 1± (−1)n, this means they vanish every second site. Since the related Majorana wavefunction A
or B constitutes an eigen-state of τyσy, they must be also eigen-states of ρx and demonstrate this even-odd property.
This can be seen for instance in Fig. 3.
C. Bogoliubov - de Gennes equation
Starting with the Green’s function Gk(ε) in Eq. (15) we retrieve the Fourier-components Gn(ε) =
∑
k e
ikznaGk(ε)
in Eq. (16) in terms of a quasiclassical expansion ξk/~vF  kF , where kF and vF are the Fermi wave-vector and
velocity [2]. To this end the momentum summation is converted to an integral over the linearized dispersion ξ first,
Gn(ε) =
∑
k
eik·rnGˆk(ε) = NF
∫ 1
−1
du
2
∫ ∞
−∞
dξ eikFunae
i ξ~vF unaGk(ε)
≈ NF
∫ ∞
−∞
dξ
∫ 1
−1
du
2
eikFunae
i ξ~vF una
ε+ ~
2JkF u
2m + ξτz −∆τyσy − µBBτzσz
−ξ2 −∆2 (26)
Here the normal density of states of the superconductor is denoted by NF . The integral over u = cos(θ) (with θ being
the angle between rn and k) gives
Gn(ε) = NF
∫
dξ
sin
(
kFna+
ξ
~vF na
)
kFna+
ξ
~vF na
ε+ ξτz −∆τyσy − µBBτzσz
−ξ2 −∆2
− iNF
∫
dξ
[
sin
(
kFna+
ξ
~vF na
)− (kFna+ ξ~vF na) cos (kFna+ ξ~vF na)(
kFna+
ξ
~vF na
)2
]
~2JkF
2m(ξ2 + ∆2)
. (27)
8Furthermore performing the quasiclassical expansion in ξ/~vF  kF leads to
Gn(ε) ≈ −piNF e−
a|n|
ξ0
[(
ε
∆
− τyσy − µBB
∆
τzσz
)
sin(kFa|n|)
kFa|n| + τz
cos(kFa|n|)
kFa|n|
+ i
~2JkF
2m∆
sgn(n)
sin(kFa|n|)− kFa|n| cos(kFa|n|)
(kFan)2
]
. (28)
This expression is valid for n 6= 0 and has to be replaced by Gn(ε) = −piNF (ε/∆ − τyσy − µBB/∆τzσz) for
n = 0. We find that the coupling between the spins crucially depends on the coherence length of the superconductor,
ξ0 = ~vF /∆, which has to be distinguished from the dispersion-energy ξ used in the equations above. In Eq. (16)
it enters by the exponential factor exp(−|n − l|a/ξ0). This means that for ξ0 . a coupling is reduced only to a few
neighbors, whereas for ξ0 > a it is extended over many.
At this point it is convenient to write Eq. (16) in terms of a generalized eigenvalue-problem,
N∑
l=1
Anlφl =
ε
∆
N∑
l=1
Bnlφl, (29)
with the combinations
Anl = δnlVl + piNFVn
[− (τyσy + µBB/∆τzσz)an−l + τzbn−l + cn−l]Vl and Bnl = −piNFVnan−lVl, (30)
while
an−l = sin(kFa|n− l|)e−a|n−l|/ξ0/kFa|n− l|,
bn−l = cos(kFa|n− l|)e−a|n−l|/ξ0/kFa|n− l|,
cn−l = i
~2JkF
2m∆
sgn(n− l)e− a|n−l|ξ0 sin(kFa|n− l|)− kFa|n− l| cos(kFa|n− l|)
(kFa|n− l|)2 .
Because the parameters an−l, bn−l and cn−l only depend on the difference n− l the eigenvalue equation (16) assumes
a diagonal form in momentum space. Mind that Vn = Uτz − (−1)nMτzσx = Uτz + exp(iQna)Mτzσx, where
Q = pi/a is the so called antiferromagnetic wave-vector. Respectively we have to enlarge the spinor by this additional
antiferromagnetic subspace in momentum space (now we are confined along the z-axis)
φk =
(
uk+Q/2,↑ uk+Q/2,↓ uk−Q/2,↑ uk−Q/2,↓ vk+Q/2,↑ vk+Q/2,↓ vk−Q/2,↑ vk−Q/2,↓
)T
. (31)
Furthermore by introducing V = Uτz −Mτzρxσx and the Fourier components
αk =
∑
n
e−ikan(−iρz)nan = α(e)k + α(o)k ρz,
βk =
∑
n
e−ikan(−iρz)nbn = β(e)k + β(o)k ρz,
γk = −i
∑
n
e−ikan(−iρz)ncn = γ(e)k + γ(o)k ρz, (32)
we obtain
Akφk = εk
∆
Bkφk (33)
with Ak = V − piNFV
[
αk(τyσy + µBB/∆τzσz) − βkτz − γk
]V and Bk = −piNFVαkV. As in the main text the
Pauli-matrices ρi account for the additional AFM subspace. A Cholesky decomposition of the right-hand-site, i.e.
Bk = (LkL†k)−1/∆, together with the transformation ψk = Lkφk leads to the effective Schro¨dinger-equation[L†kAkLk]ψk = [−∆τyσy + h(1)k τz + h(2)k τzρxσx + h(3)k τzρz + µBBτzσz + h(4)k + h(5)k ρz]ψk = εkψk. (34)
9The respective components of the Hamiltonian are given by
h
(1)
k
∆
=
Uα
(e)
k
piNF (M2 − U2)Dk −
α
(e)
k β
(e)
k − α(o)k β(o)k
Dk
=
∞∑
l=0
µl cos(2lka),
h
(2)
k
∆
=
−M
piNF (M2 − U2)
√
Dk
=
∞∑
l=0
Ml cos(2lka),
h
(3)
k
∆
=
−Uα(o)k
piNF (M2 − U2)Dk −
α
(e)
k β
(o)
k − α(o)k β(e)k
Dk
=
∞∑
l=0
tl sin
(
[2l + 1)ka
]
,
h
(4)
k
∆
= −α
(e)
k γ
(e)
k − α(o)k γ(o)k
Dk
=
∞∑
l=0
plsin(2lka),
h
(5)
k
∆
= −α
(e)
k γ
(o)
k − α(o)k γ(e)k
Dk
=
∞∑
l=0
jlcos
[
(2l + 1)ka
]
. (35)
with the denominator Dk = ([α
(e)
k ]
2 − [α(o)k ]2). We see that h(2)k , h(3)k and h(5)k correspond to the magnetic exchange,
kinetic energy, and the supercurrent contribution, respectively. In more detail h
(2)
k couples even-order neighbors, while
h
(3)
k and h
(5)
k couple odd-order neighbors. The additional terms h
(1)
k and h
(4)
k , correspond to even-order-neighbor kinetic
energy and supercurrent contributions, respectively.
The system now crucially depends on the spacing, a, of the atoms as well, which affects the parameters an, bn
and cn in Eq. (30). Note that for short coherence lengths ξ0  a the components (32) can be expanded in orders of
exp(−a/ξ0), i.e. αk = a0 + 2a1 sin(ka)ρz, βk = 2b1 sin(ka)ρz and γk = 2c1 cos(ka)ρz. In this limit setting U = 0 the
Hamiltonian (17) becomes equivalent to Eq. (4) in the main text. Within this expansion the components h
(1)
k , h
(2)
k
and h
(5)
k , which enter the topological invariant in Eq. (18), are given by
h
(1)
k=0
∆
≈ 0 , h
(2)
k=0
∆
≈ − 1
piNFM and
h
(5)
k=0
∆
≈ ~
2kFJ
m∆
exp(−a/ξ0) sin(kFa)− kFa cos(kFa)
(kFa)2
. (36)
Mind that in the main text we have used the notations h1 = h
(1)
k=0, h2 = h
(2)
k=0 and h5 = h
(5)
k=0. Substi-
tuting M ′ = (1/piNFM) and J ′ = h(5)k=0 we obtain the condition for the topological phase-transition, i.e.
µBB = |
√
(∆ +M ′)(∆−M ′) − J ′| which in the limit M ′ ∼ ∆ is equivalent to the condition we obtained for the
minimal model.
Mind that generally the superconducting gap ∆ has to be determined spatially resolved and in a self-consistent
way as for instance done in [2]. There it has been shown that ∆, however suppressed close to the magnetic-atom
site, remains finite even in the vicinity of the quantum-phase transition ∆ ∼ M ′. To this end we assume that the
superconducting gap is finite at each atom-site and neglect its spatial variation which is a widely used approximation
[3–5]. By that, the initially complicated BdG equation (13) can be simplified by tracing out the continuum states of
the superconductor such that the problem effectively becomes one-dimensional, as we have shown in this section.
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